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Studies of strong field particle physics processes in electron/laser interactions and lepton collider in-
teraction points are reviewed. These processes are defined by the high intensity of the electromagnetic
fields involved and the need to take them into account as fully as possible. Thus, the main theoretical
framework considered is the Furry interaction picture within intense field quantum field theory. In this
framework, the influence of a background electromagnetic field in the Lagrangian is calculated non
perturbatively, involving exact solutions for quantised charged particles in the background field. These
”dressed” particles go on to interact perturbatively with other particles, enabling the background field
to play both a macroscopic and microscopic role. Macroscopically, the background field starts to po-
larise the vacuum, in effect rendering it a dispersive medium. Particles encountering this dispersive
vacuum obtain a lifetime, either radiating or decaying into pair particles at a rate dependent on the
intensity of the background field. In fact, the intensity of the background field enters into the coupling
constant of the strong field quantum electrodynamic Lagrangian, influencing all particle processes. A
number of new phenomena occur. Particles gain an intensity dependent rest mass shift that accounts
for their presence in the dispersive vacuum. Multi photon events involving more than one external field
photon occur at each vertex. Higher order processes which exchange a virtual strong field particle, res-
onate via the lifetimes of the unstable strong field states. Two main arenas of strong field physics are
reviewed; those occurring in relativistic electron interactions with intense laser beams, and those oc-
curring in the beam beam physics at the interaction point of colliders. This review outlines the theory,
describes its significant novel phenomenology and details the experimental schema required to detect
strong field effects and the simulation programs required to model them.
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Fig. 1. Vacuum dipole screening and re-alignment in a strong external field.

1. Introduction

We know that the vacuum plays a key role in our physical theories, nevertheless our under-
standing of the physical vacuum is still relatively limited. In classical physics, the vacuum
is merely the unchanging background in which physical phenomena occur. However the
quantum vacuum is understood to consist of virtual particles, many of which are charged.
An external electromagnetic field can couple to these virtual charges, which in turn affects
the behaviour of real particle processes (figure 1).

When a strong electromagnetic field is present, the virtual charges, which form virtual
dipoles, start to separate under the influence of the field.1 In the Schwinger limit, where
an electric field (1.3×1018 V/m) does the work equivalent to separating two rest masses
over a Compton wavelength, the vacuum state becomes unstable and the field is predicted
to induce vacuum pair production.2

Strong fields that reach the Schwinger limit are present in ultra relativistic heavy ion
collisions, where the Coulomb field is altered by 0.1% on a scale of the Compton wave-
length.3 Strong background fields are also present in an astrophysical setting near the sur-
face of a magnetar.4 Strong gravitational fields sufficient to produce pairs are present near
a black hole5 or during the period of cosmological inflation.6

High power laser facilities7, 8 are also a key strong field arena, in which ultra high field
intensities are provided by laser pulses. These facilities have renewed modern interest in
strong field phenomena.9–17

Strong field physics theory also predicts observable, novel resonant phenomena at field
strengths well below the Schwinger limit.18 When the strong field is provided by a laser
field, the key parameter is a ratio of the energy provided by the strong field to the rela-
tivistic mass of the electron, denoted by ξ. The intensity parameter ξ reaches unity at an
intensity of I ≈ 1019 W cm−2 for a 1 µm wavelength laser. These intensities are already
produced routinely in the laboratory, with several facilities planned which will well exceed
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ξ = 1.

Another domain in which strong background fields are evident, is the interaction points
(IP) of particle colliders. The quest for new particle physics discoveries in current and
future experiments requires very high luminosities which lead to demanding beam condi-
tions. These beam conditions lead to large beam beam effects in which the intense field
of the squeezed charge bunches approach the Schwinger critical field in the rest frame of
incoming particles. These strong fields are unavoidable at the IP, and all physics processes
at the IP occur within them. The precision requirements for future linear colliders demand
an equally precise understanding of these strong field effects (section 7).

The theoretical framework often used to study strong field physics is intense field quan-
tum field theory (IFQFT). In this framework, the background field is treated non perturba-
tively, appearing in the parts of the Lagrangian describing charged particles, rather than the
interaction term. IFQFT changes our physical picture, making the background field plus
vacuum a dispersive medium in which particles that couple to it, decay. This new vacuum
enables resonant transitions for propagating particles parameters that correspond to transi-
tions between quasi-energy levels (section 3).

Preliminary studies show that these resonant transitions are likely to be detected in
electron/laser interactions with currently available technology. Theoretical calculations that
describe these resonant transitions have made much progress, but there is still work to be
done. The IFQFT renormalisation procedure is yet to be fully established. This requires a
non standard treatment, since the electron spin couples both to the self energy and the back-
ground field. Also, the possibility of an unstable vacuum at high enough field intensities,
requires special treatment.19, 20

Phenomenologically, the location and widths of resonant, differential transition proba-
bilities can be calculated (section 5) and included in a full simulation taking into account
experimental realities such as charged bunch dynamics and laser pulse shape (section 8).
Experimentally, schemas can be prepared to discover these predicted resonances, as well
as other novel strong field effects, leading to sensitive tests of IFQFT (section 6). A suc-
cessful outcome will shed light on our understanding of the vacuum, its dispersive nature
in the presence of fields, and predict phenomenology for quantum field theories in strong
background potentials in general.

IFQFT physics processes can be sorted into first order and higher order processes
with respect to their Furry picture Feynman diagrams. High intensity Compton scatter-
ing (HICS) and one photon pair production (OPPP) are the first order processes that have
attracted much study (section 4). Just as interesting are the higher order processes with a
strong field propagator such as stimulated Compton scattering (SCS) and stimulated two
photon pair production (STPPP). These higher order processes exhibit resonance behaviour
and promise to be a potentially important experimental tool in uncovering new physics (sec-
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tion 5).

There already exist several review works on aspects of strong field physics. References
[21, 22] provide a thorough review of extensive theoretical work done since the 1960s
up to 1980. [23] has an introduction on strong field QED processes concentrating equally
on first and higher order processes, while [16, 24] give a general review of strong field
laser/electron studies, concentrating on recent work. [25] reviews strong field physics in
crystal channels in which the strong fields are of a constant, crossed form. Simulation of
strong field processes in real interactions require an approach based on particle in cell (PIC)
methods which are reviewed in [26].

As good as review papers, are several PhD theses dedicated to strong field processes.
An examination of the background theory and first order processes in laser pulses was per-
formed by [27]. The influence and phenomenology of strong field processes in a laser pulse
was extended to the case of two photon Compton scattering.28 A thorough investigation of
the higher order resonances in two vertex Compton scattering and pair production was car-
ried out by [23]. Two works on the strong field beam beam processes at a linear collider
interaction point proved invaluable for collider studies.29, 30

This review paper will give a summary of the IFQFT theory, some of the exact solutions
that exist for that theory, and will touch upon the issues involved in more comprehensive
approaches. The first order processes will be reviewed, but some current topics of interest,
such as radiation reaction, cascades and laser field breakdown will not be covered. Instead,
the review concentrates on specific higher order processes produced in relativistic elec-
tron/intense laser interactions, including experimental signatures. The equivalent processes
occurring in the beam beam interaction at the interaction point of a future linear collider
will also be surveyed. A comprehensive simulation program which can cope with the range
of phenomena presented will also be described.

To the extent that analytic work is presented, a metric with a (1,-1,-1,-1) signature will
be used. Natural units will be utilized and the Lorenz gauge will be chosen.

metric: gµν = (1,−1,−1,−1)

units: c = ~ = 4πε0 = 1, e =
√
α (1)

gauge: ∂µAe
µ(k ·x) = 0 =⇒ k ·Ae = 0

2. Historical development

The historical evolution of strong field physics has occurred over a long period originating
near the beginning of quantum physics itself. A review article by [31] covers the Euler-
Heisenberg effective action and its effect on quantum field theory. The Klein paradox and
subsequent work is described by [32]. [33] has a substantial section on the Furry picture
(FP) and its origin at the birth of QED.



February 19, 2019 13:40 WSPC/INSTRUCTION FILE
.Hartin˙IJMPA˙strongfield˙colliders˙lasers˙version2.tex

6 Anthony Hartin

The foundation of strong field quantum field theory lies in it’s understanding of the
quantum vacuum. The modern outlook began from the time of the Dirac equation and
the conception of a Dirac sea of virtual particles and anti-particles. These virtual charges
were understood to respond to an applied electromagnetic field, and consequently the Dirac
equation, minimally coupled to an electromagnetic field, was solved soon after.34

The strange nature of the quantum vacuum was apparent in the Klein paradox when
calculations showed that the electron wave would penetrate a large potential barrier and
carry negative energy.35–38 An important consequence of Klein’s paradox was the creation
of electron positron pairs from the vacuum by extended, constant electrostatic fields.39 One
direction this work lead to was strong field effects in heavy ion collisions.40

The Furry picture arose from attempts to calculate the Lamb shift at the end of the
1940s. The first relativistic treatments were non covariant and the treatment of divergences
was ambiguous.33 Moreover, within perturbation theory the effective coupling constant for
experiments with high Z atoms (Zα) lead to non-convergence of the perturbation series.

[41] solved both of these problems by including the strong field non perturbatively
within a Lagrangian treatment of quantum electrodynamics.42–48 Since a canonical trans-
formation linked field operators in the Heisenberg and Schrödinger pictures to the new
formulation, Furry’s treatment was termed the Furry picture. The historical terminology of
the bound Dirac equation and the bound interaction picture also had it’s origin in the need
to calculate the Lamb shift at that time.49

In the early 1960s, the theoretical treatment of processes within polarised, oscillatory
fields50–54 was spurred on by the experimental development of the LASER.55–57 An alter-
native, relativistic quantum mechanics approach to strong field physics proved suitable for
relativistic particles.58–62

Theoretical work continued from the 1960s in a number of directions. In one devel-
opment of much interest in this review, it was realised that strong field propagators could
reach the mass shell and lead to resonant cross sections for a series of kinematic condi-
tions.23, 63–68 Analytic calculations of strong field processes was aided with the formulation
of IFQFT on the light cone.69–71 The formulation of IFQFT for field strengths exceeding
the Schwinger limit in which the vacuum itself became unstable, was also an important
development.19, 72, 73

In recent times, a landmark experiment at SLAC which produced pairs from the vacuum
with a laser assisted trident process was planned and carried out.74–77 This experiment
prompted a flurry of modern work on the strong field QED processes that will be described
in the ongoing sections of this review. First, a brief overview of the theoretical framework
of IFQFT will be given.
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3. Theoretical strong field physics

Strong field physics will be considered here as a non perturbative quantum field theory.
Though classical treatments of strong field phenomena exist, the QFT treatment is more
general, converging with the classical theory in appropriate limits. Indeed, there are several
phenomena which only emerge with a full quantum treatment. The reason for this lies in
the nature of the physical vacuum within which strong field physics occurs.

We begin with an exposition of the Furry interaction picture (section 3.1). The solutions
of the Dirac equation in a plane wave electromagnetic field are given, as are the Green’s
function solutions for strong field propagators (section 3.2). The form of electromagnetic
fields expected in laser and collider interactions is defined in section 3.3. Later, the virtual
sector of the theory is examined by considering the Furry picture self energies and the
regularisation of strong field propagators (section 5.4).

3.1. The Furry picture and the Strong field QED Lagrangian

The Furry picture is a type of interaction picture used to deal with interactions between
fermions and bosons in the presence of an intense electromagnetic field, such as that
provided by a focussed laser or the charge bunch fields at the interaction point of a col-
lider.14, 33, 41, 78 This framework treats the intense field as a background, calculates the exact
wave function for the electron embedded in that background,34, 79 quantises those solutions
and then interacts them with other particles.

If the external field is sufficiently strong, such that quantum interactions with it leave
it essentially unchanged, the external field can be considered to be classical. The fermion
interaction with the external potential can be calculated exactly by including it in the Dirac
part of the Lagrangian density, meaning that the Dirac field operators ψFP will differ from
their usual free field selves. The QED Lagrangian density in the Furry picture, containing
the quantized fermion ψFP and photon A fields as well as the external classical field Ae is,

LFurry
QED = ψ̄FP(i/∂−e /Ae−m)ψFP − 1

4 (Fµν)2 − eψ̄FP/AψFP (2)

Treating the final term in the Lagrangian density of equation (2) as the interaction term
in the usual perturbation theory, the Euler-Lagrange equations for the A and ψFP fields in
the remainder of the Lagrangian density, lead to the usual equation of motion for the gauge
boson field, and a bound Dirac equation, minimally coupled to the background field Ae,

(i/∂−e /Ae−m)ψFP = 0, ∂2A = 0 (3)

The state of the vacuum in the Furry picture |Ωe〉 is an issue in at least two respects. If
the external field is strong enough, an electron can be lifted from the Dirac sea across the en-
ergy gap between negative and positive energy solutions to leave the vacuum charged. This
means that the vacuum expectation value of the electromagnetic current must no longer
vanish and tadpole terms in the S-matrix expansion contribute33∣∣〈Ωe|ψ̄V γµψV |Ωe〉∣∣2 6= 0 (4)
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Secondly, the second quantization of the Dirac field relies on there being a gap between
negative and positive energy solutions. Since this gap closes by the action of the exter-
nal field, the separation into creation and destruction operators is problematic. This point,
where the gap between negative and positive energy solutions vanishes, is considered to be
the limit of the validity of the Furry picture. Beyond it, one must employ a procedure that
deals with an unstable vacuum.19

Generally, and in almost all the work presented in the rest of this review, it is assumed
that the the strength of the background field is less than the Schwinger critical field,80 so
that the question of an unstable vacuum doesn’t arise. Nevertheless, the unstable vacuum
bears closer examination and remains a fascinating subject in its own right.

3.2. Dirac equation solutions in a plane wave, background electromagnetic field

Initially, the minimally coupled Dirac equation was solved exactly (the Volkov solution),
when the external field consists of plane waves and a single propagation direction.34 Other
authors extended this initial work, with [81] solving the Dirac equation for an electron in an
external field consisting of two polarised plane electromagnetic waves. [82, 83] discussed
the exact solution of a relativistic electron interacting with a quantised and a classical plane
wave travelling in the same direction, and [84] proposed a method of constructing a com-
plete orthonormal system for the electron wave function for an electron embedded in a
quantised monochromatic electromagnetic wave.

Exact solutions exist also for Coulomb fields, longitudinal fields, pulsed fields, and
fields of colliding charge bunches.11, 13, 15, 79, 85 [86] has extended the class of solutions for
charged particles travelling in a medium, while exact solutions in pair creating electric
fields is reviewed in.87

For an electron of momentum pµ=(ε, ~p), mass m and spin r embedded in a plane wave
electromagnetic field of potentialAexµ and momentum kµ = (ω,~k), and with normalisation
np and Dirac spinor urp, the Volkov solution is,

ΨFP
prx = np Epx upr e

−ip·x, np =

√
m

2ε(2π)3
(5)

Epx ≡
[
1− /A

e
x/k

2(k·p)

]
e
−i
∫ k·x 2eAeξ·p−e

2Ae 2
ξ

2k·p dξ
, Ae

x ≡ eAe(k ·x), Ae
ξ ≡ eAe(ξ)

When the external field is provided by a laser field (with a period of oscillation 2πL),
the Volkov solution can be expanded in a Fourier series of modes corresponding to mo-
mentum contributions nk,88

ΨFP
prx =

∞∑
n=−∞

∫ πL

−πL

dφ

2πL
np Epφ upr e

−i(p+nk)·x (6)

The fermion solutions in the external potential are orthogonal and complete89–91 and
can be quantized with wave packets formed.69 The LSZ formalism can be extended for
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the propagation of in and out Volkov states.92 For Furry picture interactions, the two point
correlation function for Volkov states is also required.

The strong field propagator for the electron embedded in the external field proceeds
from the Green’s function solution GFP

yx for the Dirac equation with a source. The solution
is obtained by noting that the canonical momentum operator /πe, operating on the Volkov
Ep function yields the free electron momentum /p

[/π
e −m]GFP

yx = δ4(x− y), /π
e ≡ i/∂x − e /A

e
x, /π

eEpy = Epy/p

=⇒ GFP
yx =

∫
dp

(2π)4
Epy

/p+m

p2 −m2 + iε
Ēpx (7)

The strong field photon propagator differs from its usual perturbation theory in the de-
nominator where it couples to the external field through it’s self energy (section 5.4). There
are now enough elements in place to use Feynman diagrams with Furry picture fermion
states to study particular physics processes in strong background fields.

3.3. Electromagnetic fields in strong field environments

For the two strong field arenas that this review concentrates on, the external electromagnetic
fields have two main forms. The first are the constant crossed fields present in relativistic
charged particle bunches in colliders. The second are the oscillatory electromagnetic fields
associated with intense lasers.

Constant crossed fields are the form of relativistic charge bunches in which the spher-
ically symmetric fields associated with charges at rest are relativistically squeezed in the
transverse direction by the motion of ultra high energy accelerated charge bunches. The
electric field ~E is transverse from the centre of the bunch to the periphery and the magnetic
field ~B is azimuthal, so that at any position within the charge bunch, the fields are orthogo-
nal and the 4-potential has a space-time dependence that is a simple scalar product with its
4-momentum,

~E · ~B = 0, Ae
µ = aµ k ·x (8)

The electromagnetic fields associated with laser beams have usually been treated as
oscillatory, infinite plane waves (IPW). This is reasonable for an interaction with a laser
pulse, as long as the interaction occurs close to the axis defined by the pulse propagation
direction, and the pulse is sufficiently long.

In terms of the polarisation state of an IPW, the most general description is in terms of
an amplitude |~a| a combination of two transverse field directions (eµ1 , e

µ
2 ), a polarisation

parameter ρ and oscillatory functions with a dependence on the field 4-momentum and
space-time13, 93

Ae = |~a| (eµ1 cos ρ cos k ·x+ eµ2 sin ρ sin k ·x) , e1 ·e2 = 0 (9)
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The polarisation state is determined by the angle ρ, with ρ = 0, π/2, π, 3π/2 defining
different states of linear polarisation, ρ = π/4, 3π/4, π, 5π/4, 7π/4 defining circular po-
larisation, and other values for ρ defining elliptical polarisation.

Various attempts have been made to extend or go beyond the Volkov solution. In order
to account for depletion of the external field it seems appropriate to use solutions for the
electron in a quantised external field. This description can be obtained by using coherent
states.94, 95 A real laser pulse has a temporal and transverse gaussian shape and signifi-
cant effort has been made to take the pulse shape into account.12, 13, 27, 28, 96, 97 Intense laser
pulses are almost always focussed. The wavefronts of the associated electromagnetic field
and, strong field calculations have attempted to take them into account, though there is still
much to do on this front.98–100

To underline the importance of using a realistic representation for the external field, the
locally constant field approximation has been recently under review.101, 102 This approxima-
tion apparently holds at very high electromagnetic intensities where strong field processes
are formed in a small fraction of the background field phase. Nevertheless, the approxima-
tion doesn’t hold for some parameter ranges, even at very high intensity.

There is enough basic, strong field theory in place to consider specific processes within
the Furry picture. The first order processes are reviewed first.

4. Strong field, electron/intense laser interactions

Though strong fields are present in the laboratory during collider interactions, the inves-
tigation of strong field effects there is often limited by the messy environment they find
themselves in. That is to say, strong field effects in colliders are not the primary aim of
such experiments, even though they are important to take into account fully.

Instead, precision strong field studies can be planned in dedicated experiments involv-
ing interactions between intense lasers and relativistic electron beams. The fields of in-
tense lasers are not the same as those in collider bunch collisions, nevertheless experience
gleaned from intense laser interactions informs studies of strong field effects in colliders as
well.

In the normal perturbation expansion of the S-matrix formulation of the QED inter-
action, the one vertex processes are suppressed. Kinematically, it is usually impossible to
produce on-shell particles in one vertex processes. However in the Furry picture, there
is extra momentum provided by the external field which makes the one vertex processes
possible. Two possible processes - the photon radiation from a bound fermion initial state
(HICS process), and the one photon pair production from an initial photon state (OPPP) are
studied here (see figure 2).
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Fig. 2. One vertex processes in the Furry picture. High intensity Compton scattering (HICS) on the left,
and one photon pair production (OPPP) on the right. Time flows from bottom to top.

Formally, these one vertex processes decay due to their coupling to a dispersive vac-
uum, which was envisaged when the external field was treated non perturbatively in the
Lagrangian. Consequently for these processes, decay rates Γ are calculated. For this, the
standard treatment within say,103 section 4.5, which uses relativistic normalisation of the in
and out states can be used. For initial particle (εi, ~pi) and a sum over generic final states,

Γ =
1

2εi

∏
f

d3~pf

(2π)32εf

 |Mfi|2 (2π)4δ(4)

pi −
∑
f

pf

 (10)

When Furry picture transition probabilities are calculated, for general interactions in-
volving electrons, photons and the external field, three dimensionless parameters charac-
terising strong field interactions appear. These are the intensity parameter ξ related to the
field strength of the laser ~E, and the electron and photon recoil parameters χ, χγ

ξ = =
e
∣∣∣ ~E∣∣∣
ωm

, χ =
2ξ k·p
m2

, χγ =
2ξ k·k′

m2
(11)

Now, specific processes can be studied in detail.

4.1. High intensity Compton scattering (HICS) in a laser field

High intensity Compton scattering (HICS) is the primary strong field process in collisions
between electron bunches and laser pulses. It has been often studied using classical and
semi classical methods. In near head on collisions it is known as inverse Compton scatter-
ing and is the main driver of x-ray sources. Here, the process considered will be the one
vertex photon radiation in the Furry interaction picture (figure 2).

Much theoretical work on the HICS process, using the Furry picture and Volkov solu-
tions, was spurred by the construction of the first LASER in 1960 and the possibility of
laboratory tests of the theory. The transition amplitude of the HICS process was found to
be dependent on the state of polarisation of the external field. For the case of a linearly
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polarised external electromagnetic field, the HICS transition probability contained an infi-
nite summation of non standard analytic functions which were evaluated in limiting cases
only.52 In contrast, a circularly polarised external field results in a transition probability
containing Bessel functions, the properties of which are well known.51, 88, 104 The HICS
process for the case of an elliptically polarised external electromagnetic field and for the
case of two orthogonal, linearly polarised fields was considered by [105].

An important effect emerging from the theoretical work on the HICS process was a
dependency of the energy of the radiated photon (a frequency shift) on the intensity of the
external field.51, 106 The existence of this frequency shift allows the HICS process to be used
as a generator of high energy photons.107–109 The polarisation properties of high energy
photons produced by the HICS process are of fundamental importance in nuclear physics
applications, for instance in the study of abnormal parity components in the deuteron wave-
function.110, 111 The polarisation state of the emitted HICS photon, as a function of initial
polarisation states, for a circularly polarised external field, was studied by [110, 112].

The multi-photon effects in the HICS process were one of the specific, and ultimately
successful goals, of the SLAC E144 experiment in the mid 1990s.77 The possibility of re-
producing and extending this experiment in upcoming electron/laser facilities has prompted
several modern studies.10, 13, 17, 113

[14] calculated the transition probability for the HICS process for a general external
field of any periodicity. Two forms were found, one suitable for an oscillatory field and
one for non-oscillatory fields. The HICS calculation itself can be simplified by using an
alternative form of the Volkov solution, expressed in the classical action of the electron
in the external field Spx, the bispinor urp and a gauge invariant canonical momentum Πpx

which combines the free electron momentum p with the external field Ae,114

ψpx = np(/Πpx +m)
/k

2k·p
urp e

iSpx , Πpx = p+ k
2eAe

x ·p− e2Ae 2
x

2k·p
− eAe

x (12)

Spx = −p·x−
∫ k·x 2eAe

φ ·p− e
2Ae 2

φ

2k·p
dφ

The HICS transition probability is calculated after simplifying the action. For a cir-
cularly polarised infinite plane wave (IPW) laser field of 4-momentum k, modes nk are
Fourier transformed out, leaving terms containing squares of Bessel functions. For instance,∣∣∣∫ dx eiSix−iSfx−ikfx

∣∣∣2 =
∑
n

J2
n(zu)

∣∣∣∫ dx ei(pf+kf−pi−nk)·x
∣∣∣2 (13)

Then, the integration over final momenta can be performed in the rest frame (~pi = 0),
exploiting the azimuthal symmetry of the circularly polarised external field, leaving one
remaining integration over a function of scalar products u,∫

d~kf d~pf

8εiεf ωf
δ(4)(pf + kf − pi − nk) =

π

4m

∫
du

(1 + u)2
, u =

k·kf

k·pf
(14)
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Combining the calculation steps and paying attention to the limits of the remaining
integration, the transition probability of the HICS process, which appears as a decay rate of
the electron in the external field (note that the frame dependence of dt is balanced by that
of εi), is

ΓHICS = −αm
2

εi

∞∑
n=1

∫ un

0

du

(1 + u)2

[
J2
n−

ξ2

4

1 + (1 + u)2

1 + u

(
J2
n+1 + J2

n-1−2 J2
n

)]
zu ≡

m2ξ
√

1 + ξ2

k·pi
[u (un − u)]

1/2
, un ≡

2(k.pi)n

m2(1 + ξ2)
, ξ ≡ e|A|

m
(15)

The remaining phase space integration du can be converted to an integration over final
photon energy ωf or the radiation angle θf. The propagation direction of the laser also de-
fines the light cone component of the initial electron, pi− (see figure 3)

u =
k·kf

k·pf
,

∫ un

0

du
(1 + u)2

=
∫ ωfn

0

(1− cos θf ) dωf

pi−
, ωfn =

εi + nω

m
−
√

1 + ξ∫ un

0

du
(1 + u)2

=
∫ θfn

0

ωf d(1− cos θf)

pi−
, θfn =

pi−
ωf

un

1 + un
, pi− = εi − |~pi| cos θi (16)

Arising from the conservation of 4-momentum, there is a dependence of the energy of
the radiated photon on the radiation angles,[

pi + k
m2ξ2

2k·p
− kf + nk

]2
= m2

∗

ωf =
nω (εi − |~pi| cos θi)

εi − |~pi| cosφf sin θi sin θf − |~pi| cos θi cos θf + (nω +m2ξ2/2pi−)(1−cos θf )
(17)

So, a plot of the analytic transition rate for radiation energy (figure 4) can be produced
for a set of parameters that can be imagined for a possible future experiment,

εi = 17.5 GeV, ω = 2.35 eV (527 nm green laser), θi = 17o, φi = 0o (18)

f

ϕ
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fθ
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kp
f

z

y

a
2
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a
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p
i

p
f
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f

Fig. 3. Feynman diagram for high intensity Compton scattering with Volkov electrons pi, pf. Scatter-
ing angles are defined in terms of the coordinate system defined by the external field momentum ~k and
potentials ~a1, ~a2.
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The transition rate shows a series of Compton edges for each of the contributions from
the external field (n=1,2,3...). As the intensity of the laser (ξ) increases, higher order con-
tributions are more prominent but the Compton edge shifts to lower energies as a result of
the larger effective rest mass (m∗ = m

√
1 + ξ2) of the electron (see figure 4). Clearly, it is

disadvantageous in terms of producing high energy photons, to have a laser intensity much
in excess of ξ ≈ 1.
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Fig. 4. HICS transition rate vs radiated photon energy.

For large values of the intensity parameter ξ � 1, the Bessel functions have an asymp-
totic form with respect to Airy functions (equation 19).88, 115, 116 These can be used to test
the validity of the locally constant field approximation (LCFA), which argues that for high
intensity, the circularly polarised field looks like a constant crossed field as far as the HICS
process is concerned.

Jn(zh)→
[

2

n

] 1
3

Ai

([
n

2

] 2
3

(
1− z2h

n2

))
(19)

The LCFA can be tested numerically at the same experimental parameters specified in
equation 18. It appears that the LCFA does become more reasonable as ξ icreases, but the
validity varies also with the energy of the radiated photon, making its general applicability
in a transition probability doubtful (figure 5). This underlines the advisability of using the
full form of the external field rather than relying on its value local to the strong field process
taking place.

4.2. One photon pair production (OPPP)

The other first order Furry picture process to be reviewed is the production of an electron
and positron from an initial state consisting of one photon and an external field. This pro-
cess can be referred to as one photon pair production (OPPP). Due to a crossing symmetry,
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Fig. 5. HICS transition rate vs radiated photon energy, comparing the locally constant field approxima-
tion (LCFA) to a circularly polarised infinite plane wave (IPW).

the OPPP matrix element can be obtained from that of the HICS with appropriate momenta
swaps. The OPPP transition rate has a threshold which depends on extracting enough en-
ergy from the external field to create the pair.

Like the HICS process, the OPPP transition probability contains an infinite sum of am-
plitudes corresponding to the number of external field photons that combine with the ini-
tial photon to produce the pair. In the limit of vanishing external field intensity parameter
ξ� 1, the transition probability of the OPPP process reduces to that of the Breit-Wheeler
process for two photon pair production. For vanishing frequency of the external field the
Toll-Wheeler result for the absorption of a photon by a constant electromagnetic field is
obtained.50, 52, 117

The state of polarisation of the external electromagnetic field has a significant effect on
the OPPP process, as it does for the HICS process. Transition probabilities for an initial
photon polarised parallel and perpendicular to a linearly polarised external electromagnetic
field were obtained by [50, 52]. A circularly polarised electromagnetic field was considered
by [88], and the more general case of elliptical polarisation by [105]. Spin effects were
dealt with by [118]. [119] also considered the OPPP process for an elliptically polarised
external electromagnetic field using the quasi-classical operator method (section 7.1). [119]
obtained a new representation for the transition probability in terms of Hankel functions,
by considering the imaginary part of the polarisation operator in the external field.

The dependence of the OPPP process on the spectral composition of the external elec-
tromagnetic field was of interest to several authors. An external electromagnetic field con-
sisting of two co-directional linearly polarised waves of different frequencies and orthog-
onal planes of polarisation, yielded a transition probability of similar structure to that ob-
tained for a monochromatic electromagnetic field.105
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[120] considered an external field of similar form with two circularly polarised wave
components. [120] obtained transition probabilities which, in the limit of vanishing fre-
quency of one electromagnetic wave component, reduced to those for an external field
consisting of a circularly polarised field and a constant crossed field.121 In other work, sev-
eral treatments of assisted pair production in non-uniform fields have appeared based on
channelling phenomena in crystals.122, 123 A review article on the same process in heavy
ion collisions and in an astrophysical setting is also available.124

The OPPP transition rate in a circularly polarised electromagnetic field has a threshold,
requiring a minimum contribution from the strong field in order for there to be sufficient
energy to create the pair. The threshold is expressed by a minimum value for the summation
over contributions from the external field s ≥ s0, which depends on the 4-momenta of the
initial electron ki and external field k, as well the external field intensity ξ

s > s0 ≡
2m2(1 + ξ2)

k·ki
(20)

With the Volkov solution within the Furry picture, the OPPP transition probability,
induced by the interaction of one quantised photon (ωi,~ki), with the external field Ae and
with Bessel function arguments zv, is

ΓOPPP =
αm2

2ωi

∞∑
s>so

∫ vs

1

dv

v
√
v(v − 1)

[
J2
s +

ξ2

2
(2v − 1)

(
J2
s+1 + J2

s-1−2 J2
s

)]
zv ≡

4m2ξ
√

1 + ξ2

k·ki
[v (vs − v)]

1/2
, vs ≡

(k.ki) s

2m2(1 + ξ2)
(21)
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Fig. 6. Positron spectra in OPPP pair production.

The positron spectrum produced by this process is peaked around roughly half the ini-
tial photon energy, indicating that it is more likely for the OPPP process to produce a pair
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which shares the initial photon energy (figure 6). As the strength of the laser field increases
with ξ, there is a large improvement in the OPPP rate, as at higher intensity, more laser pho-
tons are likely to contribute their energy to producing the pair. This tendency is confirmed
after integrating over allowed positron energies. The total OPPP rate versus the initial pho-
ton energy, increases from a very low value (figure 7).
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Fig. 7. The OPPP transition rate as a function of the positron energy 7 GeV initial photons.

When the OPPP total rate is plotted against increasing field intensity and compared with
the LCFA, the rate increases or decreases to reach a plateau depending on the value of the
recoil parameter χγ (figure 8). The increase in external field intensity has a limiting effect
on the process, increasing the likelihood that more external field photons will contribute to
the pair production, but increasing the lepton mass and thus the energy required to produce
the pair.125

In a real electron bunch/laser pulse collision, the HICS and OPPP process are combined,
with the latter process following the former. The two processes can be linked via a real or
virtual photon. The combined process with a real photon intermediary, known as the two
step trident process, is considered in the next section.

4.3. Two step trident process

One of the signature processes of strong field experiments, involving the interaction of an
intense laser field (Ae, k) with relativistic electrons pi, is the trident process (figure 9). The
three final state fermions can be produced by the one step process with virtual photon (sec-
tion 5.3), or the two-step process, considered here, when the intermediate particle goes on
shell.126
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The first attempts at experimental detection and theoretical calculation of the trident
process were in the context of the E144 experiment at SLAC. The Weiszacker-Williams
equivalent photon approximation was the theoretical model which was used there, and
was understood to have only limited validity.77 [126] sketched the transition probability
framework within the Furry picture, but left the details and numerical simulation to further
work.
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Fig. 9. The two step trident process with on-shell photons.

An effort to calculate the trident process numerically within a constant crossed field,
using the rationale of the LCFA, was provided by [127]. Numerical results for the trident
process were presented by [128] at parameters equivalent to an imagined experiment us-
ing the european XFEL electron beam.129 The treatment of the propagator within [128]
was criticised for violating gauge invariance and a more sound consideration of the trident
process was provided.126 Other work to estimate the trident process numerically include
a shaped laser pulse together with the LCFA and a saddle point approximation for the
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phase.130

The two step trident process transition rate is simply a product of the component rates,
those of the HICS and OPPP processes. Consequently, the two step trident pair production
rate is some orders of magnitude lower than the rate due to the OPPP process alone (figure
10). At an actual experiment with electrons in the initial state, the two step trident process
(along with the one step process) is necessarily the primary way pairs are produced.

Table 1. Strong field e−/laser experimental parameters

Experiment λ(nm) Elaser focus µm2 pulse (ps) Ee− (GeV) ξ

SLAC E144 1053 1 J 50 1.88 46.6 0.66
XFEL/ξ1 800 2 J 576 0.07 17.5 1
XFEL/ξ2 527 2 J 100 0.05 17.5 2
XFEL/ξ3 800 2 J 100 0.05 17.5 3

For the beam parameters at various experiments, including the previous one carried out
at SLAC E14477 and a possible future experiment, LUXE at XFEL (see table 1), the rates of
positron production can be compared. To estimate the rate for a bunch collision, a factor of
107 individual interactions (that estimated at E144) is included. The rate comparison shows
that there is an intermediate laser intensity ξ ≈ 2, at which pair production is maximised.
At lower intensity, the rates of both component processes are limited. At higher intensities,
the HICS process produces lower energy photon for which the OPPP rate is restricted (fig-
ure 11).

A full PIC/QED monte-carlo simulation (section 8) of the trident/OPPP process and a
full optimisation of parameters is required to determine ideal operating parameters for a
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Fig. 11. Rate of positron production via the 2 step trident process at different experiments.

particular experiment.

At this stage in the review, the standard first order strong field processes expected at
dedicated electron/laser experiments have been discussed. So far, we have considered only
the first order terms within the Furry picture perturbation series. The second and higher
order terms have strong field propagators and have their own unique features. Some of
these higher order processes are considered next.

5. Higher order external field QED processes

The higher order IFQFT processes provide an abundance of phenomena for study. These
processes are represented by Furry picture Feynman diagrams with two or more vertices
and include Compton scattering, pair production and annihilation, Möller scattering and
the self energies. The higher order IFQFT processes require the external field photon prop-
agator63, 131 or the external field electron propagator which is available either in a proper
time representation64 or a Volkov representation.52, 53, 104 A 1975 review of work done on
second order IFQFT processes was provided by [104].

The possibility that second order IFQFT differential cross sections could contain reso-
nant infinities, was recognised soon after the initial first order calculations were performed.
Increasing intensities of available lasers led to the consideration of cross section terms in-
volving contributions from two or more external field quanta. It was recognised that these
contributions would lead to infinite electron propagation functions. The solution proposed
was the inclusion of the electron self energy.132

In the Furry picture, the mere existence of one vertex processes with a single electron
or photon in the initial state demands a new physical picture. This physical picture helps to
explain the unusual resonant features present in higher order processes with more than one
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vertex.

5.1. The dispersive vacuum and resonant transitions

In a non perturbative treatment of external fields, standard processes such as photon emis-
sion from electrons, can be interpreted differently. With the external field relegated to the
background, the electron can be viewed as becoming unstable and spontaneously radiating.
The non perturbative treatment of an external electromagnetic field, in effect, creates bound
electron states and renders the vacuum a dispersive medium.18, 133

The concept of dispersion in the strong field vacuum, carries over to higher order pro-
cesses, when a virtual particle is exchanged between initial and final states. The virtual
particle probes the strong field vacuum and sees a series of vacuum quasi energy levels.
Certain final states arising from given initial states are preferred, resulting in resonant tran-
sitions - in analogy to resonant transitions between atomic energy levels.40, 134

The widths of these predicted resonances correspond to the lifetime of the electron be-
fore it decays in the dispersive vacuum/external field background.64 The same phenomena
is linked to the value of the electron self energy via the optical theorem which is equally
valid in the Furry picture. The self energy is altered by the strength of the external field and
is itself a Furry picture process.135, 136

The vacuum polarisation is expressed by the photon self energy. This involves an elec-
tron/positron loop which couples to the external field, so Furry picture resonances manifest
also in the vacuum polarisation tensor. The measurement of these resonances, via an exter-
nal field whose direction and strength can be varied, would give us additional information
about vacuum polarization and related effects, complementary to existing schemes.137–139

Resonant transitions are likewise predicted in strong field Møller scattering, where a
virtual photon is exchanged.66 Both Compton scattering and two photon pair production in
a strong field exhibit resonances through virtue of their virtual particle exchange.23, 65 The
universality of the predicted resonant behaviour emphasises that it is a quantum vacuum
related effect.

Some of these resonant processes, which are amenable to experimental investigation
with electron/gamma/laser interactions, are now examined in more detail.

5.2. Stimulated Compton scattering (SCS) and pair production (STPPP)

Compton scattering in an external field, or stimulated Compton scattering (SCS, figure 12)
was first considered with an external field consisting of a linearly polarised electromagnetic
plane wave.64 The cross section was calculated in the non relativistic limit of small photon
energy and external field intensity, for a reference frame in which the initial electron is at
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Fig. 12. Resonant two vertex processes in the Furry picture. Stimulated Compton scattering (SCS) and
stimulated two photon pair production (STPPP) are related through a crossing symmetry.

rest. Resonances in the cross section were present due to the poles of the electron propaga-
tor in the external field being reached for physical values of the energies involved.

The two photon, electron-positron pair production process in the presence of an external
electromagnetic field or stimulated two photon pair production (STPPP), using Volkov so-
lutions and without kinematic approximations, was considered by [140, 23]. Earlier, [141]
dealt with the process in a strong magnetic field for the case in which the energy of each of
the photons is alone insufficient to produce the pair. The cross section obtained also con-
tains resonances.

Resonant cross-sections occur when the energy of the incident or scattered photon is
approximately the difference between two of the electron quasi-levels in the dispersive vac-
uum.134 The cross section resonance widths were calculated by inserting the external field
electron self energy into the electron propagator. The resonant cross section exceeded the
non resonant cross section by several orders of magnitude.63

[142] considered the SCS cross section in a linearly polarised external electromagnetic
field and wrote down the SCS matrix element for a circularly polarised external field. This
calculation was performed for the special case where the momentum of the incoming pho-
ton is parallel to the photon momentum associated with the external field. [142] avoided
the resonant infinities by considering a range of photon energies for which resonance did
not occur.

The full SCS cross-section, without kinematic approximations was calculated for a cir-
cularly polarised external field and extensive numerical scans were performed.23 It was
realised that the resonances could be exploited in order to produce a source of energy up
shifted photons.143 Resonances in these processes have also been considered in a series of
papers by [68]. When allowance is made for the pulse length within a real laser interaction,
these resonances are generally broadened by the extent to which the IPW approximation
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differs from the pulsed treatment.28, 144

Here, the main analytic features of the SCS cross-section are described with an external
field consisting of a circularly polarised plane wave, Ae(k·x). The initial photons ki should
be provided by a tunable source, so that the energy is variable. For the STPPP process, a
source of high energy photons is required in order to reach the threshold of the pair pro-
duction.

The main feature of interest is the structure of the propagator GFP
yx and its subsequent

effect on the transition probability. The analysis begins with writing down the matrix el-
ement with the aid of the Furry picture Feynman diagrams (figure 12). The notation has
ΨFP±

fry representing the positive and negative energy (±) Volkov solutions for the state with
momentum pf and spin r at vertex y. Af,i,g are the quantised photons interacting with the
Volkov fermions and the laser field is Ae,

MSCS
f i =

∫
dx dy Ψ̄FP+

fry Āfy G
FP
yx Aix ΨFP+

isx

MSTPPP
f i =

∫
dx dy Ψ̄FP−

fry Āgy G
FP
yx Aix ΨFP+

isx (22)

GFP
yx =

∫
dp

(2π)4
Epy

/p+m

p2 −m2 + iε
Ēpx, ΨFP±

fry = np E
±
fy u
±
fr e
∓ipf·y

As was done for the one vertex Furry picture processes, the next step is to consider the
dressed vertices and Fourier transform them in order to extract the modes,

EfyγµĒpy =

∞∑
ny=−∞

∫ π

−π

dφ

2π
EfφγµĒpφ e−i(pf−p+nyk)·y (23)

In a multi-vertex Furry picture diagram, there will appear more than one sum over ex-
tracted modes, in this case two sums labelled nx, ny. In the usual treatment, the sums are
shifted n ≡ nx + ny, l ≡ nx − ny so that only one contribution appears in the overall
momentum conservation.

With these steps, the transition probability of the two vertex SCS and STPPP pro-
cesses can be expressed as an overall sum of contributions of photons from the strong
field nk, with internal contributions lk. The action of the external field also induces a mo-
mentum/mass shift in fermions pi → qi which is dependent on the relative direction of
motion and the intensity of the external field. Thus, the conservation of momentum for the
SCS and STPPP processes can be written,

qi + ki + nk → qf + kf SCS

kg + ki + nk → q+ + q− STPPP (24)

n ∈ Z m2 = 1 + ξ2, qi = pi +
ξ2m2

2k·pi
k, ξ ≡ e| ~Ae|

m

The conservation of energy-momentum leads to momentum flow into and out of the
propagator. When this momentum flow reaches the mass shell, the propagator denominator
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goes to zero, blowing up the transition probability. In reality, there is an imaginary mass
correction to be made to the denominator corresponding to the interaction of the virtual
particle with it’s own field (section 5.4). With the mass correction, the propagator pole is
regularised and a resonance appears instead of an uncontrolled infinity.

For the Furry picture though, there are a number of pole conditions corresponding to
the sum over modes extracted from the dressed vertices. These in turn lead to a series of
resonance conditions which can be described as occurring when the propagator momentum
flow matches the energy difference between two Zeldovich quasi-energy levels, which are
induced in the vacuum by the intense background field.134

There are two resonant conditions both for the SCS process and STPPP processes,
corresponding to the direct and exchange channels, and containing internal contributions
from the external field lk,

(qi + ki + lk)2 = m2(1 + ξ2) SCS direct channel

(qi − kf + lk)2 = m2(1 + ξ2) SCS exchange channel (25)

Without the external field, the mass shell condition can only be obtained for soft pho-
tons (the infra red divergence). The IR divergence is partly dealt with by the experimental
constraint of finite energy detector resolution (infinitesimally low energy photons can’t be
detected). In contrast, the SCS and STPPP mass shell conditions can be achieved in multiple
circumstances, for experimentally achievable kinematic parameters. With use of the reso-
nance conditions, and with the conservation of energy-momentum, resonance requirements
on the initial state photon and the resultant signature of the final states, can be obtained.

This resonant feature, of strong field particle processes with a propagator that can go
on shell, has been noted before.63, 64, 66–68 In order to perform experiments, it is necessary
to do a full calculation of the SCS and STPPP transition probabilities. This is quite a chal-
lenging mathematical task due to the relative complexity of the Volkov spinor and phases.
However, recent steps have been taken, by use of Fierz transformations of Volkov spinors,
that simplify the analytic expressions.114

One may speculate on the physical meaning of the quasi energy levels seemingly
present in higher order Furry picture processes. An analysis of the modes extracted from
the vertex dressed by Volkov solutions are that these constitute Floquet-Volkov states.28

One can surmise that there is a physical basis to the Floquet-Volkov states, just as Floquet-
Bloch states are based on periodic structures in a solid.145 The Volkov states form in the
quantum vacuum, which consists in part, of charged particles which form dipoles to screen
real, bare charges. With this analogy, the periodic, external electromagnetic field may in-
duce structures among virtual vacuum dipoles, which in turn lead to Volkov states and the
Zeldovich quasi-energy levels.

In any event, the full calculation of the SCS transition probability, including the regu-
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Fig. 13. SCS resonances for 80 MeV electrons, 4 eV initial (probe) photons, ξ=1,1 eV intense laser. The
probe photon angle is defined by the direction of propagation of the intense laser

larisation of the propagator poles can be carried out, and particular numerical studies that
display resonance peaks can be performed. Such a study for an experiment in which elec-
trons of energy 80 MeV collide head on with an intense optical laser (ω=1 eV, ξ=1). Scans
of 4 eV probe photons about the angle of incidence with respect to the laser propagation
direction, traverse regions where resonance conditions are satisfied (figure 13).

There is a broad primary resonance at θi = 180o (i.e. probe photons counter propa-
gating to the intense laser), with an enhanced cross-section orders of magnitude above the
baseline, corresponding to a minimum contribution (l=1) from external field photons. Re-
duced, off axis, side band resonances correspond to |l| > 1 contributions. Each resonance
peak is not symmetrical about its maximum point because in general the resonance width
is dependent on the kinematics as well.

Before going on to discuss how the propagator poles are regularised, one more higher
order Furry picture process is examined.

5.3. One step trident process

The one-step trident process has attracted almost as much recent attention as the two step
trident process.102, 126–128, 146 The reason for this interest are the planned strong field elec-
tron/laser experiments in which the one step trident process will appear as a key process.
Additionally, there is a need to go beyond previous analyses that approximated the trident
cross section with Weizsäcker-Williams equivalent photons.

The strong field physics applicable to the one step trident process, compared to the two
step, is in the photon propagator and its resonance conditions (see figure 14). At first sight
it may appear strange that the photon, which does not couple to the external field, is im-
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Fig. 14. The one step trident process.

plicated in resonant transitions. However, these transitions are determined by the dressed
vertices and the momentum flow. Moreover, the virtual photon sees a vacuum that is po-
larised by the intense laser field and couples to it through its self energy via a Furry picture
virtual loop.

The one step trident process has two channels, involving the swap of the final electron-
positron momenta (p ↔ q). Since the momentum flow remains the same however, there is
only one series of resonance conditions expressed by,

[
p+ q +m2ξ2k

(
1

k·p
+

1

k·q

)
+ lk

]2
= 0 (26)

The one step trident transition probability calculation is straightforward, though
lengthy. The analytic work required to calculate the trace terms could be simplified by
application of the Fierz method for Volkov spinors,114 so that no kinematic approximations
need be applied.

The experimental appearance of these Furry picture resonances, in any of the strong
field processes reviewed here, would be a dramatic confirmation of the higher order the-
oretical predictions of the Furry picture. These resonances, once found, could also be ex-
ploited for searches for additional new physics. For instance, the trident process can also
produce a pair via a three vertex photon splitting loop (figure 15). This is a low probability
process, however its transition probability is boosted at resonance by potentially orders of
magnitude. Detailed studies of these and other rare transitions are under way.

In order to regulate the propagator poles in the tree level, higher order Furry picture
processes there is further theoretical work with Furry picture loops to be done.
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Fig. 15. Experimental set up for photon splitting via the one step trident process.

5.4. Furry picture self energies

The consistent treatment of the resonant cross sections of higher order IFQFT processes,
require the calculation of the electron and photon self energies in the presence of an exter-
nal field (figure 16), and their insertion into strong field propagators.

qp

k

k
p

k’

p

p’

Fig. 16. Furry picture self energy Feynman diagrams. These are related to the Furry picture one vertex
HICS and OPPP processes through the optical theorem.

[147] was one of the first to consider the electron and photon self energy processes in
an external electromagnetic field using Volkov solutions. The vehicle for the calculation
was the mass operator, which was considered for a constant crossed field,135 circularly po-
larised field136 and a combination of constant and elliptically polarised fields.148, 149 Via the
mass operator, the mass correction to the probability for one photon emission, and the mass
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correction to the anomalous magnetic moment of the electron were found.150 In important
work on a Furry picture effective coupling constant, asymptotic expressions were obtained
to calculate the corrected electron propagator to third order, which yielded an estimation of
the lower bound for an IFQFT expansion parameter.151

The Furry picture photon energy is obtained via the vacuum polarisation operator. [152]
calculated this in a constant crossed field and demonstrated propagation modes with differ-
ent group and phase velocities.153, 154 Photon elastic scattering was studied with the vacuum
polarisation operator,155, 156 as was pair production.157 Treatments that exploited gauge,
charge and relativistic invariance proved insightful.158, 159 Light cone coordinates enable a
simplification,69 whereas a proper time representation for propagators lead to cumbersome
expressions.160 Other techniques used to perform calculations, were renormalisation group
methods161, 162 and a method adapted from string theory.163 The vacuum polarisation op-
erator was obtained in other fields including a Coulomb field,164 a magnetic field165 and a
circularly polarised electromagnetic field.159

The usual procedure for self energy corrections is to insert them into propagator de-
nominators via a geometric sum.103 There are, however, difficulties with this procedure for
the Furry picture, in that the virtual particle is coupled not only to its own field, but to the
external field as well. The Furry picture self energy does not have a simple dependence on
the propagator momentum, and the usual interpretation and absorption of divergent parts is
complicated.136

Another path forward is by considering the physical picture of a dispersive vacuum that
the Furry picture suggests. Both the photon and electron are unstable in such a vacuum and
will decay to a pair or lose energy through photon radiation, respectively. Then, one calcu-
lates a lifetime for the virtual particle and includes it via the usual procedure for unstable
states.103

Vacuum dispersion implies that intermediate virtual states contain a complex mass shift
MFP

p and associated resonance. To first order, the mass shift includes one loop Furry picture
diagrams. Propagator poles will be moved by the real part of the mass shift and the imag-
inary part will constitute the resonance width. By use of the LSZ formalism, the coupling
constant will also be adjusted from its bare value to its observable value (e ≡

√
Ze0).103

Taking the Furry picture electron propagator GFP
yx and self energy ΣFP

p as an example,

GFP
yx =

∫
dp

(2π)4
Epy

ie20
p2 −m2

0 + iε
Ēpx →

∫
dp

(2π)4
Epy

iZe20
p2 −m2

0 + RMFP
p + iIMFP + iε

Ēpx

MFP
p ≡ ΣFP

p + ... , ΣFP
p = ie2

∑
spins

∫
du dv Ēpu γ

µGFP
uv D

FP
vu γµEpv (27)

The LSZ formula relates the one particle irreducible (1PI) diagrams to the forward
scattering. The largest leading term in the 1PI sum, the Furry picture self energy, ΣFP

p (figure
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16) is related to the HICS radiation process via the optical theorem. To leading order then,
the resonance width Γ is,

IMFP
p |leading order = IΣFP

p = 2WHICS ≡ Γ (28)

The imaginary and real parts of the mass correction MFP
p are related to each other

through a dispersion relation, and both are related to the observable coupling constant. A
precise experimental determination of Furry picture, resonance poles and widths, would
provide sensitive new tests, both for QED and for the more general quantum field theories
in background potentials.

The procedure for inclusion of self energies in the Furry picture seems straightforward,
however there are still open questions. The first question regards the renormalisation of the
interacting mass and charge, which remains necessary even if the interaction with the exter-
nal field is exact. The procedure requires regularisation and absorption of UV divergences
into the observable mass and charge. The renormalisation scheme must take into account
the tensor structure of the Furry picture self energy. There are terms coupling the spin to the
self field as well as the external field.21, 136 One possibility is that the mass renormalisation
contains spin dependent as well as external field dependent terms.

The second question regards the UV divergence itself. Physically, it is understood as
arising from beyond standard model (BSM) physics, that modifies the theory at small dis-
tance scales. In the Furry picture, with a background field which modifies the interactions
at all scales, it is possible that the UV divergences are automatically regularised.

Another theoretical challenge regards the running of the coupling constant as the ex-
ternal field strength grows towards the Schwinger critical value. Since the external field
couples with the self energy to the electron, the field strength plays a part in the coupling
constant. If the external field strength is large enough, the sum of 1PI diagrams appears to
no longer converge.151

For inclusion of Furry picture self energies, a LSZ-type schema consistent with IFQFT
must be utilised. The LSZ theory is not easily extended to bound states. The background
field means that the interaction particles do not strictly form asymptotically free states.
Techniques from QFT in curved space-times which seem to have dealt with this problem166

can possibly be of use.

The background field, which distinguishes space-time intervals, also violates Poincaré
invariance. So the strong field propagator depends on separate space-time points and not
on the difference between them. A reformulation of the Furry interaction picture via an
algebraic approach in which quantum fields are local and co-variant, is suggested. To re-
establish Poincaré invariance, a short distance operator could be implemented.166

These open theoretical questions are still under consideration. In any case, one can
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determine experimentally where in parameter space resonant transitions are likely to occur.
Experimental designs and requirements can already be explored with the aim of shedding
light on theoretical predictions and challenges.

6. Experimental schemas for resonance detection

Intense laser/electron beam interactions have already been performed successfully, in order
to produce strong field signatures of first order Furry picture processes.77 The HICS, strong
field radiation process (section 4.1) was induced in the head-on collision of 46.6 GeV elec-
trons and an optical laser focussed to an intensity of order 1018 Wcm−2.

In order to experimentally produce the resonances of the SCS process, a similar, near
head-on collision can be set up, preferably with primary inverse Compton scattered pho-
tons directed away from the final state region of interest. Resonances can then be scanned
over by introducing a probe laser whose direction and/or energy can be varied. Scattered
particles are captured with suitable detectors which can scan the range of final state angles
and energies (figure 17).

For the STPPP process, a source of high energy photons sufficient to reach the thresh-
old of pair production, should interact with the strong laser at some small incident angle
to inhibit one photon pair production processes. Scans can once again be made over probe
photon energies and angles to locate resonant STPPP pair production.

The analysis continues here only for the SCS process. Similar relations and features
will pertain to the STPPP process, given that production threshold is reached.23

Intense

laser

Produced
positron

Produced
electron

Probe laser

photons
High energy

Scattered
photon

electron
Scattered

e− beam

laser
Intense

Probe laser

Fig. 17. Experimental set up for the SCS and STPPP processes.

In terms of experimentally available parameters, one can assume that a table top, opti-
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cal laser focussed to 1019 W cm−2 is readily available. This corresponds to a strong field
intensity parameter of ξ & 1, though intensity can be tuned lower with longer pulse lengths,
or less stringent focussing. It is desirable also to adjust laser parameters so that a given in-
tensity is achieved in as long a laser pulse as possible, in order to enhance resonance peaks.

To induce SCS resonances, electron beams must be brought into coincidence with the
intense laser and a probe laser. Scattered photons should be detectable over a range of scat-
tering angles. The probe laser should be a tunable optical laser, with a variable energy ωi

and angle of incidence to the external field propagation direction, θi (figure 18).

For relativistic electrons (γ, β) colliding head-on with a strong laser of intensity ξ and
energy ω, the condition for the lth level resonance can be obtained (l = 1 is the primary res-
onance, l = 2 the secondary, etc). The direct channel gives a resonant probe laser incident
angle, and the exchange channel gives a resonant radiated photon angle,
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cos θi ≈
1 + β + (1 + β)2lω/ωi + ξ2/2γ2

β(1 + β)− ξ2/2γ2
direct channel

cos θf ≈
1 + β − (1 + β)2lω/ωf + ξ2/2γ2

β(1 + β)− ξ2/2γ2
exchange channel (29)

The direct channel resonance condition depends only on initial state parameters. As-
suming ξ ≈ 1 for the strong laser, and a broad range of electron energies, the tuning of
the initial probe photon energy results in the resonant incident angles shown by figure 19.
The energy of the radiated photons at resonance is given by the conservation of energy-
momentum (equation 30). The resonant radiated photons are smoothly distributed in a for-
ward cone around the initial electron momentum. The energy of the radiated photon steps
up for each external field mode corresponding to the overall contribution from the external
field nk (figure 20).

ωf =
(n+ 1)ω γ(1 + β)

γ(1+β cos θf)+
[
n
ω

m
+ ξ2

2γ(1+β)

]
(1- cos θf) +

ωi

m
[1- cos(θi +θf)]

(30)

The exchange channel resonance, by contrast, will show resonant radiated photon an-
gles. The overall resonance structure is a combination of direct and exchange channels in
the complete SCS transition probability. The width and height of the resonances, whether
they are scanned over angles or probe energy, is dependent on both the numerator of the
transition probability and the imaginary part of the self energy correction appearing in the
denominator.23

An estimate of the transition probability at resonance can be made by comparing the
tree level propagator denominator to the resonance width. The resonance width is deter-
mined from the imaginary part of the Furry picture electron self energy. For a strong laser
intensity ξ ≈ 1, the resonance width can be given approximately by a function of the QED
coupling constant α, the field intensity ξ and the recoil parameter χ,136
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Γ ≈ 0.29αχ ξ0.86 (31)

The resonance width yields the angular resolution of the differential cross-section res-
onance using the expressions of equation 29. Using the condition for the direct channel
l = 1 resonance, the peak angular resolution (FWHM) is up to 0.003 degrees for a 200
MeV electron, when the ratio between probe photon energy and laser photon energy ap-
proaches unity (figure 21). The resonance broadens as the electron energy decreases. For
higher electron energies, the angular resolution decreases towards the limit of what was
experimentally resolvable in similar past experiments.76 Correspondingly, a small angular
resolution will give a precise measurement of the resonance location.
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Fig. 21. Direct channel angular resonance width for 1eV laser photons

In a real experiment, there will be other factors that will play a role. Specifically, the
emittance of the electron beam and the fact that the strong laser field will be provided by a
pulse, are factors that will broaden SCS resonances. Other factors will be the resolution of
detectors and background processes. Nevertheless, the magnitudes are such23 that a dedi-
cated experiment should be able to distinguish these new predicted resonant effects.

We turn now to a different arena where strong field physics manifests itself.

7. Strong field effects in colliders

7.1. Theoretical approaches

Since particle colliders collide dense charged particle bunches, intense electromagnetic
fields are present at the point of collision. Strong field effects in colliders have been em-
ployed to explain the beamstrahlung,167 depolarisation,168 coherent pair production169, 170

and higher order effects171 at the interaction point (IP).
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The Furry picture has not been the only method used to explain the strong field beam
beam effects. For instance incoherent pair backgrounds rely on the Weizsäcker-Williams
equivalent photon approximation,172, 173 combined with the normal (non Furry picture)
QED perturbation theory. This approach results in a variety of pair production processes,
which are categorised depending on whether the electromagnetic fields of one, both or none
of the colliding bunches are rendered as equivalent photons.174, 175

Another approach is to consider the relativistic motion of the colliding fermions as clas-
sical and their interactions as quantum. Transition probabilities are calculated by this quasi-
classical operator method (QOM) with relativistic quantum mechanics. This approach has
proved successful in predicting diverse phenomena such as beamstrahlung rates,59 the
anomalous magnetic moment in a background field176 and equivalent channeling phenom-
ena in crystals.25 However, the QOM requires that all charged particles involved in a pro-
cess be ultra relativistic. Its validity is questionable for the beamstrahlung process when a
large energy photon is radiated, thereby rendering the final state non ultra relativistic.

This review however, will concentrate on analyses using the Furry picture (FP) frame-
work within non perturbative QFT. It has been shown, for the case of the beamstrahlung
at least, that the transition probabilities obtained using the FP and the QOM are asymptot-
ically identical in the ultra relativistic limit.177 However, the FP does not require an ultra
relativistic limit and is exact for all kinematics.

Collider processes can in principle all be studied in the Furry picture. Though there is
still much work to be done, studies have been performed for background processes,178 spin
tracking processes,179 precision processes15 and higher order resonances.23

The Volkov solution of the Dirac equation in a constant crossed field is ubiquitous in
Furry picture treatments of collider IP processes. More comprehensive analyses, especially
for precision strong field processes, can make use of solutions in the fields of both colliding
bunches.15 This review proceeds by considering first the collider strong field parameters.

7.2. Strong field parameters at colliders

The strength of the electromagnetic field at the IP of a collider is an important parameter in
determining the transition probability of FP processes. The more relativistic the colliding
particles are, the stronger the electromagnetic fields appear.

To set a numerical scale for an electromagnetic field strength which leads to detectable
effects, the Schwinger critical field of 1.3 × 1018 V m-2 can again be employed. The field
strength of the intense charge bunches colliding at the IP, in the rest frame of oncoming
particles, is expressed as a ratio to the Schwinger critical field, denoted by the so-called
Υ parameter. The onset of intense field effects at the IP is Υ & 0.1. A whole range of
non-linear, intense field effects come into play, only a few of which have been rigorously
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studied.

In a real bunch collision, the bunch distorts due to electromagnetic effects, leading
to variation in Υ at each point where a particle process takes place. An average value
Υav can be defined across a whole bunch collision. The Υav parameter for a particular
collider depends on the interaction point beam parameters - the bunch population N, the
bunch dimensions σx, σy, σz and the bunch particle energy (expressed as the relativistic
γ = E/m), as well as the Compton radius re and the fine structure constant α,167

Υav =
5

6

N γ r2e
α(σx + σy)σz

(32)

Using Υav as a guide, strong field parameter sets can be assembled for various collid-
ers, both past and planned. In previous lepton colliders, Υav was vanishingly small so that
intense field effects were not to be expected. However, in the next generation of e+e− col-
liders (the international linear collider and the compact linear collider), Υav is in the strong
field QED regime (Υav & 0.1, see table 2).

In hadron colliders like the LHC, Υav is very small due to the large rest mass of hadrons
and therefore sluggish response to the IP electromagnetic fields, compared to the response
of relatively light e+e−. Future e+e− colliders will really provide the first occasion where
bunch field strengths will be large enough to lead to significant non-linear effects. Only a
precise theoretical calculation and simulation of these effects can tell us what to expect.

Table 2. Collider beam parameters and the strong field Υav

Machine LEP2 SLC ILC CLIC

E (GeV) 94.5 46.6 500 1500
N(×1010) 334 4 2 0.37

σx, σy (µm) 190, 3 2.1, 0.9 0.49, 0.002 0.045, 0.001
σz (mm) 20 1.1 0.15 0.044

Υav 0.00015 0.001 0.24 4.9

Simulation of the IP bunch collision requires specific understanding of effects that lead
to an increase in the electromagnetic field strengths. The main mechanism which increases
the field strengths is the pinch effect, i.e. the effective focussing of each bunch in the field
of the other.167, 174

7.3. Beamstrahlung as a strong field Furry picture process

The beamstrahlung is the photon radiation by charged particles in a collider charged parti-
cle bunch at the IP, due to the strong field of the oncoming charged bunch. The transition
rate of the beamstrahlung process can be considered within the framework of the Furry
picture in which the strong field of the oncoming bunch can be taken into account exactly.
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The calculation proceeds in the same way as the calculation for the one vertex photon
radiation in an intense laser, except the form of the external field is a constant crossed one
instead of circularly, linearly or elliptically polarised. Indeed, it is relatively straightforward
to develop the formalism for a general plane wave field and then substitute the precise form
in at the end of the calculation.14

The transition probability Wbeam can be expressed in either McDonald’s functions,62 or
equivalently, in Airy functions,21

Wbeam =
αm2

πε
√

3

∫ ∞
0

du

(1 + u)2

[∫ ∞
χ

K5/3(y)dy − u2

1 + u
K2/3(χ)

]
where χ =

2u

3Υ
(33)

A correspondence of this quantum formula with the classical treatment is found by
taking the limit of small external field intensity. In this limit, the second term of equation
33 vanishes. The remaining term diverges at the lower limit of the integration. This infrared
divergence can be handled by including additional self-energy terms.180 In practice, the
transition probability is often given as an radiation intensity, which remains finite at the
low radiation energy limit (figure 22), or a low energy cut at the limit of a real detector
resolution is introduced.
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Fig. 22. Differential beamstrahlung rate and radiated photon intensity

7.4. Strong field collider pair production processes

The beamstrahlung is a copious source of high energy photons which can themselves in-
teract with the oncoming bunch field in further strong field processes. Usually, these pair
background processes are divided into coherent and incoherent processes, depending on
how the external field is treated.
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In the Bethe-Heitler process181 a real beamstrahlung photon combines with an equiva-
lent photon from the Weiszacker-Williams treatment of the oncoming field to produce the
background pair. In the Landau-Lifshitz process,182 both initial photons are derived from
the equivalent photon approximation. The Breit-Wheeler process183 combines two actual
beamstrahlung photons.

Incoherent pair processes
Breit Wheeler process γreal + γreal → e+ + e−

Bethe Heitler process γreal + γequiv → e+ + e−

Landau Lifshitz process γequiv + γequiv → e+ + e− (34)

Coherent pair processes
One photon pair production γreal + nγfield → e+ + e−

Stimulated two photon pair production γreal + γreal + nγfield → e+ + e−

Trident pair production e− + nγfield → e− + e+ + e−

The coherent pair production processes in colliders are equivalent to strong field pro-
cesses in strong laser fields, except with the external field given by the constant crossed field
of the oncoming charge bunch.175 Generally, only the one photon pair production (OPPP)
process has been fully taken into account.174, 175 However, the Breit-Wheeler process itself
occurs in the strong field of the oncoming bunch.184 It should be treated as a resonant strong
field process, the stimulated two photon pair production (figure 12).

The resonant Breit-Wheeler process at the collider IP was calculated theoretically by
inclusion of the electron self-energy in a constant crossed field as a resonance width.23, 180

A numerical calculation for parameters expected at future linear colliders shows that the
differential transition rate at resonance, can be far in excess of those of the one vertex
OPPP coherent process.23

As replicates the situation with strong laser fields, a full calculation of the trident pro-
cess at colliders is still under way. Often, it is simply treated as the two step process with
an on-shell intermediate photon. The one step trident process is also potentially resonant,
after due consideration of the finite pulse length of the charge bunch field (section 5.3).

It is important to appreciate that higher order resonant effects were not likely to be seen
at previous lepton colliders due to the relatively low field value (i.e. low Υ parameter). The
onset of the strong field regime at future linear collider interaction points demands that such
higher order resonant effects be simulated in a full PIC code of the beam-beam interaction.
Such efforts are under way in a dedicated software package, IPstrong (section 8).
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7.5. Spin dependent strong field interactions at the collider interaction point

The precision physics program of future linear colliders requires polarised lepton beams
and a careful accounting of depolarisation processes.179 Due to the strength of the IP fields,
there is significant depolarisation at that point. A careful consideration, requires analytic
calculation of spin dependent strong field processes.180

The spin dependent strong field processes arising from unwanted background processes
include the Sokolov-Ternov spin flip (section 7.7). The classical precession of the particle
spin is also a significant contributor to depolarisation. The spin precession includes the
anomalous magnetic moment, which is itself a strong field Furry picture process since it is
in the presence of the colliding bunch fields (section 7.6).

Higher order, resonant, strong field processes are also spin dependent. Since the reso-
nant rates for these processes can be large, any thorough consideration of strong field spin
dependence would study these processes as well. Such a calculation requires higher order
Furry picture helicity amplitudes. New methods are available to make the analytic work
tractable.114

Any simulation of spin dependent strong field processes will have to take into account
the spatial offset of the colliding beams. Such offsets can lead to regions of very intense
fields and increase the overall depolarisation. The offsets of colliding beams, among other
things is governed by misalignment due to environmental noise (section 8).

Finally, all processes that occur at the interaction point are strong field processes. For
precision processes that are used to test theoretical models, the spin dependence on the
strong field background is highly relevant. One such process is the strong field W boson
pair production (section 7.8).

7.6. Spin precession and the strong field anomalous magnetic moment

The spin precession is classical but strong field quantum effects enter through the anoma-
lous magnetic moment (AMM) in the charge bunch field. Spin precession is described by
the Thomas-Bargmann-Michel-Telegdi (T-BMT) equation and describes the time evolution
of the fermion spin vector ~S under the influence of a transverse and longitudinal magnetic
field ~BT, ~BL and an electric field ~E

d~S

dt
= − e

mγ

[
(γae + 1) ~BT + (ae + 1) ~BL − γ

(
ae +

1

γ + 1

)
β~ev ×

~E

c

]
× ~S (35)

A strong field treatment for the T-BMT equation requires that the AMM (ae = g−2
2 ) be

replaced with an upsilon dependent expression, aFP
e (Υ) which can be obtained by calculat-

ing the spin dependent part of the mass operator using exact Volkov solutions147 or by the
QOM.176 The result for a constant crossed field is an integration over a Scorer function,116
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aFP
e =

α
√
π

∫ ∞
0

du

(1 + u)3
zGi(z), where z =

(
u

Υ

)2/3
(36)

When plotted (figure 23), the AMM in the external field declines from it’s one loop
value of α

2π
47 as the strength of the field increases.

ILC 1TeV

CLIC 3TeV

Fig. 23. The variation of the electron anomalous magnetic moment in a background field.

Higher order corrections to ae can be obtained using equivalent processes within the
Furry picture. By and large, these higher order strong field contributions have yet to be
calculated.

For experiments that measure the AMM of the muon aµ,185 it may prove important to
use a Furry picture analysis for the theoretical calculations of it’s value. The external fields
may be small in any given experiment, but a small variation in the Furry picture value
aFP
µ , has potentially a large impact, given that it constitutes one of the largest anomalies

indicating physics beyond the standard model.

7.7. The spin dependent beamstrahlung and interaction point depolarisation

The spin dependent beamstrahlung process was derived historically through a quantum
treatment of the problem of synchrotron radiation.186 With inclusion of polarisation and
spin parameters, it was realised that the rates were spin dependent.168, 187 Different calcula-
tion methods included the quasi-classical operator method58, 188 and the Furry picture.135

The Sokolov-Ternov (S-T) effect is a well known feature of storage rings in which
transverse polarisation of the circulating beam builds up over macroscopic time scales.
Here however, we are interested in the same process in the more shorter time span of the
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charge bunch collision but with much larger field strengths.

Following the Furry picture treatment, the transition probability Wbeam of the radiation
of a polarized electron of momentum p with spin vector sν and Airy function arguments, z
in a strong constant crossed field is135

Wbeam =
αm2

πεp

∫ ∞
0

du

(1 + u)2

[
Ai1 +

2 + 2u+ u2

z(1 + u)
Ai′− eF

∗µνpµsν

m3(1 + u)
zAi
]
, z =

[
u

χ

]2/3
(37)

The final, spin dependent term in the beamstrahlung transition rate is what leads to the
depolarisation. Taking into account possible operating parameters of future linear collider
designs (table 3), the calculated depolarisation contributions from the various spin depen-
dent processes can be calculated (table 4), using appropriate simulation programs.179

Table 3. Parameters sets for possible future linear
collider designs.

Set 1 Set 2 Set 3√
s/GeV 500 3000 3000

N /1010 2 0.37 0.37
nB 2625 312 312
γε∗x/mm mrad 10 0.66 0.66
γε∗y /mm mrad 0.04 0.02 0.02
β∗x/mm 20 4.0 6.9
β∗y /mm 0.4 0.09 0.068
σz /µm 300 45 44
L99%/1034cm−2s−1 2.0 2.0 2.0

Table 4. Comparison of the lumi-
nosity-weighted depolarising effects in beam
beam interactions for possible future linear
collider parameter sets with fully polarised
incident beams. T-BMT (S-T) denotes effects
due to spin precession (synchrotron radia-
tion).

Parameter set Depolarization ∆Plw
Set 1 Set 2 Set 3

T-BMT 0.17% 0.10% 0.09%
S-T 0.05% 3.40% 3.81%
incoherent 0.00% 0.06% 0.00%
coherent 0.00% 1.30% 1.51%
total 0.22% 4.80% 5.53%

With larger charge bunch field strengths, both the depolarisation and the contribution
from coherent strong field processes, is more significant. This underlines the importance
of performing higher order, strong field, spin dependent calculations in order to take into
account all sources of linear collider IP depolarisation.
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7.8. Collider precision physics and strong field effects

Since coherent background processes at future linear colliders are not insignificant, the ef-
fect of strong bunch fields on precision physics processes should be looked at more closely.
That means considering higher order physics processes in the Furry picture (FP). As an
example, the strong field, W boson pair production process is considered in this section.

A future lepton collider is intended to be a precision machine. A substantial part of the
physics programme requires polarised beams with the polarisation known to 0.25%. Much
work has gone into the design of the polarimeters in order to achieve high precision on
polarimetry measurements.189

The real, luminosity weighted, polarisation must be an interpolation between the up-
stream and downstream polarimeter measurements, since the measurement upstream nec-
essarily excludes the IP depolarisation and the measurement downstream is an over-
estimation.190 Cross-checks of the polarimetry interpolation is obtained from cross-section
data.

In particular, the W+W− pair production can be used to calculate the luminosity
weighted depolarisation up to a relative error of 0.2% using the Blondel scheme.191 How-
ever, there are remaining theoretical uncertainties in the W+W− pair production data, due
to the intense bunch fields. These strong field effects must be quantified in order to be sure
of the luminosity weighted polarisation.192

Using the Furry picture, the decays of the W boson in the presence of a single con-
stant crossed electromagnetic have been calculated.193, 194 Such calculations make use of
the Proca equation in the presence of a background field.195 In the limit of vanishing bunch
field this process reduces to that described by the usual perturbation theory.196

Additionally, there are likely to be spin-dependent intense field effects on the W+W−

pair production process which are the equivalent of the spin flip in the beamstrahlung. The
extent of the spin dependent effects, and thus the uncertainty in the polarisation measure-
ment of the beams at the IP, can only determined by an analytic calculation and simulation
within a real bunch collision.

The calculation is sketched here, outlining it’s main features using the s-channel
W+W− pair production (figure 24). Firstly, both initial and final particles couple to the
background external field, so strictly speaking, both vertices are dressed by the Furry pic-
ture wave function for the leptons and gauge bosons.

In practice, the Furry picture wave function solutions are dependent on the strong field
intensity parameter ξ (equation 11), which is proportional to the background field strength
and inversely proportional to the mass of the particle that couples to that background field.
As the field intensity parameter becomes small, the wave function becomes that of the free
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Fig. 24. The W boson pair production s channel.

particle.

For the massive W boson, the field intensity parameter is much smaller than that for the
initial e+e− pair. As a reasonable approximation then, the Volkov solution for the leptons
can be used together with the non external field W boson wave functions. That is, the first
vertex is dressed by the external field and the second remains undressed.

As is usual for transition probabilities within the Furry picture, the square of a matrix
element containing Volkov solutions will lead to summations over contributions from the
external field at the dressed vertex.

At the threshold of the W+W− pair production, the gauge bosons will be produced
with little longitudinal momentum. In that case the fields of both charge bunches appear to
be of similar strength to the W bosons. In general, there should be allowance for a colli-
sion in which an incoming electron and positron, and the resulting produced pair, face an
oncoming bunch field of differing momentum and field strength (figure 25)

W−

p
+−

p

W
+

1
k k

2

Fig. 25. The external field W boson pair production momenta. The photon momenta k1, k2 are associated
with each of the colliding charge bunch fields.

Instead of the usual Volkov solutions, exact solutions for both charge bunch fields
should be used.15 These will lead to two summations r, s over contributions from both
charged fields at the dressed vertex. The two fields have intensity, momentum and potential
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(ξ1, k1, A
e
1) and (ξ2, k2, A

e
2) respectively. These all appear in the conservation of energy-

momentum.

Writing the dressed vertex explicitly, including helicity states to make a spin depen-
dent calculation, transforming into momentum space and specifying the final vertex γW,
the transition probability has the following form,

WWPAIR =
∑
rs

|Mfi|2
d ~W−d ~W+

4ω−ω+
δ(W− +W+ − p−− p++ rξ1k̂1 + s ξ2k̂2) (38)

iMe
fi =

∫
dr

ie2

(p−+p++rk)2
× v̄p+

[
1− e /A

e
1/k1

2(k1 ·p+)

]
γµ
[
1− e /A

e
2/k2

2(k2 ·p−)

](
1+γ5

2

)
up− γW

Of course, since this is a second order Furry picture process, the resonances of the
strong field propagator have to be taken into account. The propagator can be either a pho-
ton or a Z boson and both couple to the fields of both charge bunches through their self
energies.

These are some of the main issues involved in carrying out a strong field calculation of
general collider processes within the Furry picture. There is much more detailed analytic
work to be done. Additionally, for the purposes of event generation and future detection of
such effects, a detailed and dedicated simulation program must be constructed.

8. Simulation of strong field physics at e+e− and laser/electron colliders

The point of studying strong field physics processes theoretically, is to test the predicted
phenomena experimentally. The glue that binds the experiment and theory together are sim-
ulations based on the theory targeted for particular experiments.

Some first order Furry picture (FP) processes (beamstrahlung and coherent pair produc-
tion) are simulated in existing computer programs, which are dedicated to collider strong
field effects. Notably, among these programs are CAIN175 and GUINEA-PIG,174 which
embed a monte carlo method within a Particle-in-cell (PIC) model of the beam beam in-
teraction. There have been additional recent efforts to simulate the first order Furry picture
processes in electron/laser interactions and laser/plasma interactions.26, 197–199

These existing programs do not contain the structure to simulate higher order strong
field processes such as the Furry picture W+W− pair production in overlapping bunch
fields (section 7.8), or the resonant second order stimulated Compton scattering (section
5.2). However, the basic model of a monte carlo of the strong field transition probabilities,
embedded in a PIC simulation, serve as a model for constructing a new, more comprehen-
sive program, named IPstrong.200

The primary purpose of IPstrong is event generation of strong field processes in a
general interaction involving one or more laser pulses, background fields, positively and
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negatively charged lepton bunches. The program structure is designed for future expansion
to include hadron bunches, plasma and FEL interactions. IPstrong will simulate equally
well, first order as well as higher order Furry picture processes.

Project requirements primarily consist of event generation via a monte carlo method
applied to Furry picture transition probabilities. For collider physics, the field strengths of
both charge bunches serve as input into transition probabilities. To simulate a FEL interac-
tion, it is crucial to include ponderomotive forces. For electron/laser interactions, Raleigh
length and pulse shape should be taken into account. In all cases an accurate electromag-
netic solver is applied on a real time basis throughout the simulation of a charge bunch
collision.

Since computing is potentially intensive, a recent, object oriented version of Fortran is
utilised.201 The code is parallelised using Open MPI and currently computes the 3D elec-
tromagnetic field and charge evolution. The possibility of running the code on GPUs using
CUDA202 libraries is envisaged for future versions, with the initial version of the software
running solely on CPUs.

In the interests of precision, the PIC electromagnetic simulation includes a 3D Poisson
solver rather than previously used 2D solvers.174, 175 Charges are distributed to an adaptive
grid that extends well beyond the actual charges in order to accommodate fringe fields.
Output of events is in standard form, either in ASCII format for post processing or for
STDHEP or LCIO format, for inclusion in geant4203 simulations of particle detectors.204

The particle pusher is a relativistic invariant version of a Boris pusher that includes pon-
deromotive forces.

IPstrong implements a standard structure for strong field QED simulation programs,
a monte carlo module embedded in a PIC code. The monte carlo relies on the accep-
tion/rejection method175, 205 and requires transition probabilities for particular processes,
to be transformed so that the probability is flat over a particular parameter of interest. Fig-
ure 26 depicts the IPstrong program flow.

For the purposes of cross-checking with existing programs, many features of a charge
bunch collision such as the disruption angle, kink instability, pinch effect, centre of mass
deflection and waist shifts are implemented.167 Full polarisation of the beams allows full
investigation of the phase space for each macro-particle including energy, position, mo-
mentum and spin vector components. Strong field spin effects, such as the precession and
Sokolov Ternov spin flip, as well as higher order spin effects, are also implemented for
comparison with existing programs. Likewise, the electron/laser interaction will be vali-
dated against existing codes that perform the same type of physics simulations.

The actual bunch/pulse collision is simulated by taking time slices through the plane
perpendicular to the group velocity of each bunch/pulse. Collision angles are implemented
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by Lorentz transformation to the anti co propagating frame, performing the monte-carlo
and then transforming back to the original frame. As the colliding bunch/pulse slices over-
lap, a simulation grid is formed and the Poisson equation is solved on a cell by cell basis to
determine the charge motion.

Since the starting point of a collision is important and is determined by pre-existing
bunch or pulse evolution, IPstrong can be embedded in a wider program suite to take into
account the realities of bunch/pulse delivery (figure 27). For a real bunch collision occur-
ring after passage through a beam delivery system, the final relative spatial offset of the
bunches and their polarisation state are essential for intense field physics.

Fig. 28. Ground motion induced beam offset and depolarisation for the ILC beamline with a moderate
ground motion model.

Any strong field experiment requires particle detectors and beam diagnostics206 in or-
der to measure final states. Typically, electron and positron detectors are calorimeters com-
posed of, for example, alternating layers of tungsten and silicon, divided up into cells.77

Geant4 models can be included within the larger program suite.

An appropriate beam dynamics program, such as Bmad207 simulates the transport of
beams to and from the interaction point, as well as simulating beam diagnostics. One ad-
vantage of BMAD lies in its ability to transport spin, the components of which give new
degrees of freedom in strong field phenomenology.179 The effect of ground motion on beam
jitter can be easily included. For instance, detailed studies of the misalignment of collider
magnets due to ground motion showed that the bunches undergo displacement and depo-
larisation over time (figure 28).206, 208
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The coming period will see simulation programs like IPstrong put to the test, as the
strong field QED community look towards a new era of strong field QED experiments.

9. Conclusions

Quantum field theory with the non perturbative inclusion of strong electromagnetic fields,
predicts interesting novel phenomena. The Schwinger critical field induces the creation of
electron-positron pairs from the vacuum. For background fields of intensity 0.1 < ξ < 1,
that can already be produced in the laboratory, higher order processes with a Furry pic-
ture propagator can reach the mass shell for physically measurable kinematics and should
display large resonant transitions for tuned experimental parameters. These resonant transi-
tions occur because of changes to the quantum vacuum brought about by a non perturbative
inclusion of the background field.

These ”vacuum resonances” can be understood in analogy to resonant atomic transi-
tions. A quasi-energy level structure is set up in the vacuum by the strong electromagnetic
field. The physical basis for these quasi-energy levels are likely to be the virtual charges
themselves which respond to applied fields and preference certain virtual particle propaga-
tion states.

The existence of virtual charges is already known through well established phenomena
like the Lamb shift. The Lamb shift, however is an atomic phenomena. The second order
IFQFT processes outlined in section 5, would manipulate vacuum charges using a circu-
larly or linearly polarised electromagnetic field provided by a strong laser.

The location of resonances in parameter space is easily established by considering the
momentum flowing into or out of the exchanged virtual particle. For tuned parameters, the
resonances will appear as sharp peaks in scans over probe photon energy and angle of inci-
dence. Given a careful selection of parameters, the experimental signals should be clear and
their discovery would constitute a new test, both of QED and the non perturbative approach
to it encapsulated by the Furry picture.

Indeed, the experimental tests outlined in this review, would be a test not just of QED,
but of intense field quantum field theories, in general. This class of theories predict a range
of new phenomena including a shift in rest mass of particles which couple to the strong
field. These theories predict also that the running of the coupling constant is modified. All
of these predictions are amenable to experimental investigation and the current scope for
new discoveries is large, given dedicated searches.

Even without probe photons, higher order resonant effects should be discernible in the
simple interaction of relativistic electrons and an intense laser beam. The work horse pro-
cess in this case is the one step trident process, which produces an electron, positron pair
via a virtual, Furry picture photon. Since the virtual Furry picture photon couples to the
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strong field through a self energy loop, resonant transitions should be observed in scans of
the final state momenta.

A full transition probability calculation uses Volkov solutions of the electron embedded
in the external strong electromagnetic field. Recent work has simplified the procedure for
obtaining the complete analytic expression, by adapting Fierz’s method in order to swap
the position of Volkov spinors in Furry picture matrix elements.114

The standard approach in the Furry picture uses Volkov solutions for infinite plane wave
electromagnetic fields. Additional modelling is required for conditions in the laboratory.
Real, ultra-intense lasers are likely to be linearly polarised and pulsed. In this case, analy-
ses which take into account the pulse length can be applied. In general, a finite pulse length
smears out the conservation of energy momentum since the momentum state of external
field momentum modes are not represented by delta functions, but some shape function. In
the limit where laser pulses are long enough to contain many cycles, the Volkov solution is
restored.

The additional Furry picture propagator poles, which correspond to transitions between
quasi-levels, are regularised through the non perturbative self energy processes. These can
be included in the propagator denominator via the formalism of lifetimes of unstable states.
The physical picture which is suggested, is that the Furry picture electron and photon are
unstable states which spontaneously undergo transitions in the dispersive vacuum.

If strong field effects are generated deliberately in electron/strong laser interactions, in
lepton colliders the effects are involuntary. The collider interaction point involves dense
charge bunches which interact whilst undergoing compression due to the pinch effect. The
fields associated with these charge bunches can reach the Schwinger critical field in the rest
frame of the interacting, relativistic particles.

In such circumstances, Furry picture processes abound at collider interaction points.
The beamstrahlung itself is a Furry picture process, while large coherent pair backgrounds
is another signature effect. In fact, all primary collider processes occur in the intense fields
of the interacting charge bunches. We should remind ourselves that the quantum vacuum
is not electrically neutral and it polarises in the presence of the charge bunch fields. This
must affect collider physics.

It will be particularly important to perform calculations of precision processes, such as
the W boson pair production (section 7.8), in the Furry picture. This is especially the case,
since the higher order Furry picture processes have a dominant differential transition prob-
ability at strong field resonance. This is not just a nuisance, strong field effects in colliders
may aid the search for new physics, not hinder it.

There are also implications for a theory of quantum gravity which formulates QFT in



February 19, 2019 13:40 WSPC/INSTRUCTION FILE
.Hartin˙IJMPA˙strongfield˙colliders˙lasers˙version2.tex

Strong field QED in lepton colliders and electron/laser interactions. 49

a curved background space.209, 210 QFT in curved space times seems to be related to strong
field QFT211 and any experimental confirmation of strong field QFT predictions, particu-
lar as regards its virtual particle or vacuum state, would be highly informative. To develop
the correspondence between these theories, non perturbative solutions of the equations of
motion on curved space-times or gravitational fields would be necessary,212, 213 as well as
propagators214 and particle processes.215, 216 Technical difficulties remain, but theoretical
programmes to overcome them exist.166

The current period in high energy particle physics is characterised by uncertainty about
which direction nature goes beyond the standard model. The non perturbative, strong
field theoretical predictions reviewed here, and their phenomenology in colliders and elec-
tron/laser interactions, promise to give new insights into the quantum vacuum and perhaps
even indicate a way forward towards new physics. The challenge is to plan, simulate and
carry out dedicated strong field experiments in the immediate future.
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